Using the well-known "algebra of multifractality", we derive the functional equation for anomalous dimensions ∆q, whose solution ∆q = aq(q − 1) corresponds to strict parabolicity of the multifractal spectrum. This result demonstrates clearly that a correspondence of σ-models with the initial disordered systems is not exact.
Recently there has been a great interest to multifractal properties of the wave functions, arising at the Anderson transition point (see a review article [1] ). They are exhibited in the anomalous scaling
for inverse participation ratios
where Ψ(r) is a normalized wave function of an electron in the random potential for a finite system, having a form of the d-dimensional cube with a side L. In the metallic phase Ψ(r) extends along the whole system and |Ψ(r)| 2 ∼ L −d from the normalization condition, so P q ∼ L −d(q−1) . In the critical point (see (1) ), instead of the geometric dimension d a set of fractal dimensions D q arises, whose difference from d is determined by anomalous dimensions ∆ q .
It was noted in [1] that a knowledge of anomalous dimensions ∆ q allows to establish the behavior of arbitrary n-point correlators
but the specific results were presented only for n = 2. It is shown below, that consideration of the n > 2 case leads to a functional equation for ∆ q , whose solution corresponds to a strictly parabolic character of the multifractal spectrum. The analysis is based on the assumption of the power law dependence on the coordinate differences, which can be justified in the small q i region.
The result for n = 1 follows from Eqs. 1, 2:
For n = 2 we have, assuming a power law dependence on r 12 = |r 1 − r 2 |,
where the normalization constant A and the exponent α can be established using the so called "algebra of multifractality" [1, 2] . For r 12 ∼ L, the functions Ψ(r 1 ) and Ψ(r 2 ) are statistically independent 1 , so the correlator (5) is reduced to the product
1 In the localized regime, when ξ ≪ L (ξ is the localization length), the functions Ψ(r 1 ) and Ψ(r 2 ) are statistically independent for r 12 > ∼ ξ, while a power law behavior (5) is valid for r 12 < ∼ ξ; both properties hold approximately at r 12 ∼ ξ. This situation remains unchanged, if ξ is increased to a value of the order of L, i.e. at the boundary of the critical region.
which is estimated using (4) . For r 12 = 0, a divergency in (5) is cut off at the atomic scale a,
and Eqs. 6, 7 lead to the results
in accordance with [1, 2] .
For the case n = 3 we write analogously (r ij = |r i − r j |)
and find A, α, β, γ using the algebra of multifractality. If all r ij ∼ L, then
while for r 12 = 0, r 13 ∼ r 23 ∼ L we have a result
Analogous relations are valid in cases r 13 = 0, r 12 ∼ r 23 ∼ L and r 23 = 0, r 12 ∼ r 13 ∼ L. Finally, for r 1 = r 2 = r 3 one gets
so we have five relations for four quantities A, α, β, γ:
which cannot be satisfied for an arbitrary form of ∆ q ; a self-consistency condition should be fulfilled
which is a functional equation for ∆ q . It is easy to verify that Eq.14 is satisfied for the spectrum ∆ q = aq 2 + bq, and in fact it is the only possible form. Indeed, setting q 1 = q, q 2 = q 3 = δ, one has
and expansion to the second order in δ gives (with ∆ 0 = 0 taken into account):
Since ∆ ′′ 0 is simply a constant, one can integrate (16) and obtain an arbitrary quadratic polynomial in q, which reduces to a form
if the conditions ∆ 0 = 0, ∆ 1 = 0 are used, which follow from (1), (2); the positiveness of a follows from inequality τ ′′ q ≤ 0, where τ q = D q (q − 1) [1] . In the case of the general n-point correlator we accept
and obtain analogously to the preceding
Rewriting the product (18) in the form
we have for r n−1 = r n :
which should be consistent with the result for the (n − 1)-point correlator, obtained from (18) by replacements n → n − 1 and q n−1 → q n−1 + q n . A self-consistency condition reduces to equality
which is analogous to (14) and satisfied for the parabolic spectrum. We see that a functional form (17) provides self-consistency of results (18), (19) for arbitrary n-point correlators.
Above we have accepted that correlator (3) is determined by a single product of the r ij powers. Generally, the right hand side of (18) may contain less singular terms determining by exponentsα ij , whose sum is less than a sum of α ij . If certainα ij are greater than α ij , then the given analysis becomes invalid. The absence of such terms can be established for sufficiently small q i : expansion of (18) over q i (accepting ∆ q = aq 2 + bq + O(q 3 )) shows that for validity of (19) one should set
Accepting the power law dependence in (5), we obtain validity of these relations for n = 2, after which they automatically hold for arbitrary n, justifying representation (18). As a result, the strictly parabolic spectrum holds in a small vicinity of the point q = 0 and can be analytically continued to any interval, not containing singular points. There is another way to advance into the q ∼ 1 region. Let us set q i = q and divide coordinates r i into m groups, consisting of n 1 , n 2 , . . ., n m points. Taking the limit q → 0, n i → ∞, qn i = q i and assuming coincidence of r i in each group, we obtain representation (18) for the m-point correlator.
The parabolic spectrum (17) corresponds to the logarithmically normal distribution for the amplitudes |Ψ(r)| 2 [3] . If the latter distribution is accepted axiomatically, then (17) is valid for arbitrary q. The statement of [1] on impossibility of such a situation refers to the lattice models, where inequality |Ψ(r)| 2 ≤ 1 holds due to discreteness of coordinate r (equality |Ψ(r 0 )| 2 = 1 corresponds to localization at the single site r 0 ). This inequality leads to restriction α ≥ 0 for the definitional domain of the singular spectrum f (α) and impossibility of the decreasing behavior for τ q = D q (q − 1); as a result, dependence τ q saturates by a constant τ qc for q > q c , where q c is a certain singular point. These restrictions are inessential for continuous models, where the parabolic spectrum is possible for arbitrary q.
Nevertheless, one cannot exclude the existence of singular points, since the algebra of multifractality is certainly violated for large positive q i . Indeed, setting q 2 = 1 in (5) and integrating over r 2 , one can easily test that results (8) are valid only for α ≤ d, which corresponds to q 1 ≤ d/2a for the spectrum (17) . A violation of algebra is a consequence of quick decreasing of functions |Ψ(r i )| 2qi in moving away from their "centers", due to which they become statistically independent at a scale of r ij lesser than L.
In the approach based on the use of σ-models [4] , parabolicity of the spectrum takes place for the spatial dimension d = 2 + ǫ in the lowest orders in ǫ [1, 4] , but is violated on the four-loop level. Such a situation is not unexpected: derivation of σ-models is justified only for small ǫ, and the question on their exact correspondence with the initial disordered systems always remained open. In particular, strong doubts arouse in relation with the upper critical dimension [5] . It was argued in [6] that deficiency of σ-models on the four-loop level is related with an appearance of the spatial dispersion of the diffusion coefficient, which demands a modification of the σ-model Lagrangian due to "the high-gradient catastrophe" [7] . Inevitable revising of all four-loop contributions may eliminate a discrepancy with self-consistent theory by Vollhardt and Wölfle [8] , or its refined version [9] .
A surprising accuracy of Wegner's one-loop result [4] (corresponding to (17) with a = ǫ) in application to the d = 3 and d = 4 cases was noted in a lot of numerical experiments [10, 11, 12, 13, 14] , though detectable deviations were also declared. For example, a position of the maximum for the singular spectrum f (α) (which is α 0 = d + ǫ in the one-loop approximation [1, 4] ) was estimated as α 0 = 4.03 ± 0.05 [10] , α 0 = 4.048±0.003 [13] for d = 3 and α 0 = 6.5±0.02 [10] for d = 4. In the regime of the integer quantum Hall effect, the spectrum is parabolic on the level of 10 −3 in agreement with theoretical conjectures [15, 16, 17] , though small significant deviations were found in [14] . The observed deviations can be related with slow convergence to the thermodynamic limit demonstrated in [6] , though unrealistic estimation of accuracy is not a rare thing in numerical experiments.
In conclusion, the use of the algebra of multifractality [1, 2] leads to the parabolic spectrum of anomalous dimensions and clearly demonstrates that a correspondence of σ-models with the initial disordered systems is not exact.
